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ABSTRACT. Recently, Merca and Yee proved some partition identities involving two new parti-
tion statistics. We refine these statistics and generalize the results of Merca and Yee. We also
correct a small mistake in a result of Merca and Yee.

1. INTRODUCTION

A partition of an integer n, is a sequence of weakly decreasing positive integers such that they
sum up to n. The terms of the sequence are called parts and a partition A of n is denoted by
A F n. We denote by p(n), the number of partitions of n. For instance, 2 + 2 + 1 is a partition
of 5 and p(5) = 7. A masterful treatment of this topic is in the book by Andrews [And9§].

There is a rich history and literature on partitions with various statistics attached to them.
Recently, Merca and Yee [MY20] studied several such statistics and proved several interesting
results (both analytially and combinatorially). The aim of this paper is to refine the results
of Merca and Yee [MY20] by putting in additional constraints on the partition statistics they
studied.

The following functions are of interest in this paper.

Definition 1. For a positive integer n, we define

(1) ag(n) to be the sum of the parts which are divisible by k counted without multiplicity in
all the partitions of n,

(2) axp(n) to be the sum of the parts which are congruent to p (mod k) counted without
multiplicity in all the partitions of n, and

(3) br(n) to be the sum of the distinct parts of n that appear at least k& times in all the
partitions of n.

For example, a3(5) = 6, aso(5) =6, as1(5) =9, as2(5) = 11 and b3(5) = 2, which can be seen
from the fact that the partitions of 5 are

544 1,3+23+1+1,24+2+1,2+14+1+1,1+1+1+1+1.

Merca and Yee [MY20(] studied related functions, in particular they studied a(n), the sum of
parts counted without multiplicity in all the partitions of n and b(n), the sum of distinct parts
that appear at least 2 times in all the partitions of n. It is clear from the definition that

k-1

a(n) = ay,(n),

p=0

and by(n) = b(n). So, ax,p(n) and bx(n) can be said to be refinements of a(n) and b(n). They
also studied the function ago(n) and as1(n) which they denoted by a.(n) and a,(n) respectively.
We will keep their notation for these special cases in the remainder of this paper.
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Merca and Yee [MY20] found the generating functions of a(n), a.(n), a,(n) and b(n), connected
these functions in terms of very simple relations and then further connected the function b(n) to
two other partition functions M,(n) and M Py(n), which we will define in the next section. The
aim of the present paper is to generalize all of these results for our refined functions ay ,(n) and
bi(n). While doing this, we also correct a minor error in a result of Merca and Yee [MY20).

The rest of the paper is organized as follows: in Section 2| we state all of our results and
show as corollaries all of the results of Merca and Yee [MY20], in Section 3| we prove our results
using analytical techniques, in Section 4] we prove all but one of our results using combinatorial
techniques, and finally we end the paper with some remarks in Section [5] We closely follow the
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techniques used by Merca and Yee [MY20] in our proofs.

2. RESuLTS AND COROLLARIES

We need the notation for the ¢-Pochhammer symbol

The generating functions for ax(n), ax,(n) and by(n) are given in the following theorem.

Theorem 2.1.

From the above theorem (as well as combinatorially, which we will prove later) the following

result follows.

o0

(a;9)00 = [[(1 = ag") for |g| < 1.,

n=0

We have

> 0 1 ' kq*

;ak(n)q (60w (1—gh?

v w1 (e + (k= p)g)d*
;ak’p(n)q (€9 (1—q")? ’

k

n_ L g
2 bl = o e

n=1

Theorem 2.2. For alln > 1, we have
(1) ax(n) = kbi(n), and

(2) anp(n) =

(k = p)br(n — p) + pb(n + k — p).

As easy corollaries of the above results, two results of Merca and Yee [MY20] follow.

Corollary 2.3 (Theorem 1.2, [MY20]). We have

and

1 24>
Zae C] = ZCLQO = ) ‘(1_qq2)27

= ~ (43 9)

. . 1 q(l+¢%

;ao ;am T (@ 0e (T—@)?
;a(n)q (@9 -9

Corollary 2.4 (Theorem 1.3, [MY20]). For alln > 1, we have
(1) ac(n) = azo(n) = 2b(n),
(2) ap(n) =asi(n) =bn+1)+ b(n —1), and
(3) CL(TL) = CLQ’()( ) + CL271( ) = b( ) + 2b(n) + b(n — 1)
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Andrews and Merca [AM12] introduced a new partition function M,(n), which counts the
number of partitions of n where ¢ is the least positive integer that is not a part and there are
more parts which are greater than ¢ than there are parts less than ¢. For instance Mj3(5) = 0.
We can connect this function with b;(n) in the following way.

Theorem 2.5. For any positive integer k,{ and n, we have

14 — In/k|
. o 14+ (=1 [n=0 (mod k)]+
(oY b 3 - 1) - N = 3 g k)
Jj=—(¢-1)

where we have used the Iverson bracket, [P| which returns the value 1 if the logz’cal proposition
P is satisfied, and returns 0 otherwise.

The following are two easy corollaries of the above theorem.

Corollary 2.6. For any positive integer k,{ and n, we have

l _
. 1 -1 [n=0 (mod k)]+1
(Y G - /) - ST =0
j=—(t-1)

Corollary 2.7. For any positive integer k and n, we have

> ) _1)[n=0 (wod K)]+1 ,,
> (~1)betn — (35— 1/2) = - ED o

j=—00

From the above theorem and corollaries, the following results follow easily.

Corollary 2.8 (Theorem 1.4, [MY20]). For any positive integers { and n, we have
[n/2]

03 Wit 072 - et = 3 jtn 20

——(6-1)

Corollary 2.9 (Corollary 1.5, [MY20]). For any positive integers { and n, we have

Y ; . 1+ (—1)"
O S 1P - @ - /) -

J=—(t-1)

> 0.

|3

Corollary 2.10 (Corollary 1.6, [MY20]). For any positive integer n, we have

Z (=1)b(n —j(35 — 1)/2) = # ' g

j==o0

Andrews and Merca [AMI§] studied a new partition function M Py(n), which counts the
number of partitions of n in which the first part larger than 2k — 1 is odd and appears exactly k
times, and all other parts appear at most one time. For instance, M P3(5) = 3. We can connect
the function by (n) with M P,(n) using a new function ¢x(n) in the following way.

Theorem 2.11. For any positive integer k,{ and n, we have

20-1 oo _ 1\[n=0 (mod k)]+1
(1) (Z(—V ben — 30+ 1)/2) ~ -ck<n>>

J=0
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where we have used the Iverson bracket, [P| which returns the value 1 if the logical proposition
P is satisfied, and returns 0 otherwise, and the function cx(n) is defined as

Ln/k) ki
ck(n)=ZjQ( 5 ),
j=1

and Q(m) denotes the number of partitions of m into distinct parts. Here Q(x) =0 if z ¢ N.

The following are two easy corollaries of the above theorem.

Corollary 2.12. For any positive integers k, ¢ and n, we have

21 . n=0 (mod k)]+1
(1)t (D—l)“i”bk(n—jml)/z)—”(‘”[ — -ck<n>> ="

, 2
7=0

Corollary 2.13. For positive integers n and k, we have

N,y dUED . 1 4 (—1)[n=0  (mod K)}+1
S0 b — i+ 1)/2) = ex(n).
7=0

From the above theorem and corollaries, the following results of Merca and Yee [MY20] follows
as corollaries. Here we have corrected the exponent of the —1 inside the summation in the left

hand side, which is i+

, but was mentioned as j by Merca and Yee [MY20)].

Corollary 2.14 (Theorem 1.7, [MY20]). For any positive integer £ and n, we have

20—1 e _1\n n [n/2]
(-1 (Z(—lfzb(n ity - S (5)) = 3 dMPn —2)).

: 2 :
Jj=0 j=1

where c¢(n) is the number of subsets of {1,2,...,n} which contains a number that is greater than
the sum of the other numbers in the subset.

Proof. We notice that

ex(2m) = 32 4Qn ) = Y (0~ m)Q(m),

which was shown to be equal to ¢(n) in the proof of Theorem 4.1 in Merca and Yee’s [MY20]
work. So, we have ¢3(n) = ¢ (%). Putting k£ = 2 in Theorem we get the result. O

Corollary 2.15 (Corollary 4.2, [MY20]). Let ¢ and n be positive integers, then we have
201
_ iG . 1+ (=1)" n
—1)-! )" b -+ 1)/2) - e (5) ] >0
()(;()Q(HJ(JJF)/) 5 c(3)]=2
Corollary 2.16 (Corollary 4.3, [MY20]). Let n be a positive integer, then we have

S )% b0 — (i +1)/2) = # - <g> '

J=0

3. ANALYTICAL PROOFS OF OUR MAIN RESULTS

In this section, we prove all the theorems stated in the previous section, using analytical
methods. Our proofs follow closely the techniques used by Merca and Yee [MY20).
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3.1. Proof of Theorems and We prove the generating functions for bx(n) and ax(n)
in details, and leave that of ay ,(n) to the reader as the details are similar but with more algebraic
manipulation.

We start with the generating function for partitions where the power of z keeps track of parts
with multiplicity > k,

> _ A . — A < ki1 gk
146" +0¢% 4+ g5 L d(ghi 4 gk+t05 L0 0)) = ql + 2 4 :
[J(+¢ +4q q 77 +q
=1

Jj=1 J

Now, taking the derivative w.r.t. z and setting z — 1 we get,

Z bk(n)qn = — Z]qkﬂ = — . .
= (@ D)oo = (¢ @) (1—¢*)?

In a similar way, we have

(o] d o0
>oaum)g" = [0+ + g™ 4 |

7=1
)

d g

= ST (14 21—
dzH( e 1—qﬂ>‘_
j=1 z=1

1 kq*
(¢:0)0e (1 —¢")%

Theorem [2.2] immediately follows from Theorem we just compare coefficients.

3.2. Proof of Theorem [2.5] The generating function for M,(n) was found by Andrews and
Merca [AM12], when they studied a truncated version of Euler’s pentagonal number theorem

(_1>471 ¢ (3n1))2 e ) q e,
—1)"g"n = 1
S 3 -y +; el (I (31)

 (@39)w (@ @)n

where ¢ > 1, (a;q), =
- (ag™; q)oo

(q7 q K(CL Q)n l
0 < ¢ < nand is 0 otherwise. The sum on the right hand side of equation (3.1)) is the generating
function of M,(n), that is

and the Gausssian binomial m equals whenever

) q(§)+(e+1)n

nio%Mg(n)q” S P —— E:ﬂ (3.2)

—~ (D)

We now multiply both sides of equation (3.1]) by

k:

an 1—q)
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which gives us (after using equation (3.2))),
0o l
(Z bk(n)qn> > (=g an
n=1 n=—(t—1)
= (Z nq’“”) (Z Mg(n)q"> .
n=0 n=0

Using Cauchy product of two power series, Theorem follows from the above.

3.3. Proof of Theorem [2.11] The generating function for M P(n) was found by Andrews and
Merca [AMI8] when they considered a truncated theta identify of Gauss,

201 ) |

q q = Z D2 = 1 4 (—1)1 (=4 4°)e g2+ (—g

(4%,%) -1 s (20272, 2)

The sum on the right hand side of equation (3.3)) is the generating function of M Py(n).
k

We now multiply both sides of equation (3.3]) by (16]—16)2
—q

2042543, 2

e (39

(—¢* ¢*) o and deduce the following
identity

-1 ((Z bk(n)qn> (i(—@"‘”*””) - # ~ (—q2;q2)oo>

(e ) (Z Mpf<n>q"> (3.4

We know that the generating function of the number of partitions into distinct parts is

> QM) = (—¢: @)

Using this, we have

k 00 o0
n=0 m=0
SN UL N
-y 0 ("5 )
= ce(n)q".
n=0

Putting this in equation (3.4]) we get,

! <(Z bk(n)Q”> (Z(—Q)"(”+”/2> — ch(n)q">
= (Z ck(n)q"> (Z MPg(ﬂ)Q”) )

Using the Cauchy product of two power series, Theorem follows from the above.
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4. COMBINATORIAL PROOFS OF SOME OF OUR RESULTS

In this section we give combinatorial proofs of all but one (Theorem [2.11]) of our results. The
approach again closely follows that of Merca and Yee [MY20].

4.1. Proof of Theorem For part (1), we note that for a partition A - n, if ka is a part
of X then we split this part into £ a’s while keeping the remaining parts of A unchanged. Let us
call the new partition u, then clearly the part a has multiplicity at least k£ in u, so we get

ag(n) = Z different parts divisble by &
AFn
=k Z differents parts with multiplicity > k = kbx(n).
ukn

For part (2), let ka + p be a part of A - n which is counted in ay,(n). We now split ka into
k a’s while keeping the remaining parts unchanged to get a new partition pu F n — p. Again, we
split (ka + p) + (k — p) into k (a + 1)’s while keeping the remaining parts unchanged to get a
new partition v = n + k£ — p. We have

agp(n) = Z different parts =p (mod k)
AFn
=(k—p) Z different parts with multiplicity > &
pEn—p
+p Z different parts with multiplicity > &
vkn+k—p

= (k — p)br(n — p) + pbp(n + k — p).

4.2. Proof of Theorem We prove the generating function for ax(n) here, the other two
generating functions can be proved combinatorially by combining the previous subsection with
this proof. In fact, our proof is the same when 2 is replaced by k in the proof of Corollary
given by Merca and Yee [MY20], so for the sake of brevity we just outline the steps.

We work with two sets of overpartitions, let P(n) be the set of overpartitions of n where
exactly one part divisible by & is overlined, and let A;(n) be the set of colored overpartitions of
n where exactly one part divisible by £ is overlined and at most one other part divisible by k is
colored with blue color. For instance, we have

Py(6) ={6,34+3,3+2+1,3+1+1+1},
and
A3(6) =1{6,3+3,3+3,3+2+1,3+1+1+1}.
Clearly, Py (n) is a subset of Aj(n), and we have

ag(n) = Z the overlined part of A. (4.1)
)\Epk(n)

Also note that for each partition in A, (n) we can decompose it into a tuple (A, u, ) where A
is the overline part, i is the colored part and v are the non-colored parts. This gives us
k

S Ayt = ] (4.2)

>0 (I1-¢") (1-¢" (@)

We now set up the following surjection from Ag(n) to P.(n): if there is a colored part, we
merge it with the overlined part to get a resulting overlined part. The new partition is clearly
in Py(n), and if there are no colored parts then we keep the partition unchanged. Now, for an
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overlined part ka of p € Py(n), there are a ways to merge an overlined part with a colored part
to get ka, so we have

Z the overline part of = Z k. (4.3)

pePy(n) veAr(n)

From equations (4.1)), (4.2) and (4.3) we get

w1 . kq*
2_aulma" = (¢ @)00 (1 —gF)?

n>0

4.3. Proof of Theorem Again, our proof is similar to the proof of Corollary [2.6] given
by Merca and Yee [MY20], so we mention the main steps without going into too much details.
Theorem [2.5] is equivalent to the following

d n=0 (mod k)}+1
(—1)? Z (—1) Z overlined part of A | — L+ (=) 5 ( )H ‘n
j==(t=1) AP, (n—j(3j—1)/2
[n/k]
=Y kjMy(n — kj),
j=1

where we have used Theorem and equation (4.1)).
We note that
In/k] Ln/k]

Z overlined part of A = Z km Z 1= Z km - p(n — km).
m=1 m=1

AEPy(n) p(n—km)

The above equation is true since any partition A\ € Py(n) can be made into a pair of partitions
(v, ) where v is the overlined part and p is then an ordinary partition.
So, we get

¢

(—1)c1 Z (1) Z overlined part of A

j=—(t-1) AePy(n—j(3j—-1)/2
¢ ' [(n—5(35-1)/2)/2]
=07 >0 (=1 > kmepn— (35 —1)/2 — km).
j=—(-1) m=1

The above is equivalent to

[n/k] ¢
S hm (=) S (1 —km = (35— 1)/2) |, (4.4)
m=1 j=—(t-1)

where we rearrange the summation and take p(n) =0 if n < 0.
Merca and Yee [MY20] have given a combinatorial proof of the truncated pentagonal number
theorem, which is equivalent to the following identity
-1
(D) ) (p(n = (35 +1)/2) = p(n — (G + 1)(3) +2)/2)) = My(n). (4.5
=0
Using equation (4.5)) in (4.4), we get that (4.4)) is equal to
[n/k] =
1 —1)[=0(mod k)]+1
> km My(n —km) + (1) =) 2

m=1

-n7
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which proves the result, since equation (4.5 already has a combinatorial proof. We need the

term (—

1)!'n when n = 0 (mod k) because, if n = kr for some r and m = n/k, then without

this term we get

(1)

(2)

(—1)"np(0) = nM;(0) = n = 0.
5. CONCLUDING REMARKS

A combinatorial proof of Theorem is left as an open problem. Any combinatorial
proof of Theorem would hinge on a combinatorial interpretation of ¢x(n), like we have
for ca(2n). So, a first step towards a combinatorial proof would be such an interpretation
of cx(n).

Identities of the type in Theorems and are also known for some other partition
statistics, for instance one can see some recent work of Merca [Mer20]. It would be
interesting to see if one can relate such partition statistics with the ones introduced in
this paper.
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